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We study in the framework of relativistic quantum mechanics the evolution of a system of two
Dirac neutrinos that mix with each other and have non-vanishing magnetic moments. The dynamics
of this system in an external magnetic field is determined by solving the Dirac-Pauli equation with
a given initial condition. Particularly we consider neutrino spin-flavor oscillations in a constant
magnetic field and derive the analytical expression for the transition probability for the spin-flavor
conversion in the limit where the energy associated with the magnetic interaction arising from tran-
sition magnetic moment is small compared with the total neutrino energy. Our new result exactly
takes into account an external magnetic field and the parameters of neutrino system. Although we
consider neutrinos, our formalism is straightforwardly applicable to any spin-1/2 particles.
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In the neutrino oscillation phenomena observed so far oscillations occur between different neutrino flavors νℓ (ℓ =
e, µ, τ) so that an active left-handed neutrino goes to another active left-handed neutrino (e.g. νLe ↔ ν
L
µ ). In some
situations another type of oscillation is possible, namely the so called spin-oscillation, where oscillation happens
between an active left-handed neutrino and its inert right-handed counterpart (e.g. νLe ↔ ν
R
e ). In addition, also a
combination of these two oscillation types can happen. This kind of oscillations are called spin-flavor oscillations.
There oscillations take place between an active left-handed neutrino and an inert right-handed neutrino of different
flavor (e.g. νLe ↔ ν
R
µ ) [1].
In this paper we shall consider spin-flavor oscillations in an external magnetic field. We assume that neutrinos are
Dirac particles with non-vanishing magnetic moments. We shall use the formalism of relativistic quantum mechanics,
that is, we use the Dirac equation as a starting point, which is a proper approach for spin-1/2 particles. One of
us (MD) has used this formalism for studying neutrino flavor oscillations in vacuum [2] and in an external axial-
vector field [3] (neutrino interaction with matter). Neutrino spin-flavor oscillations in electromagnetic fields of various
configurations were studied in Refs. [4]. The present paper is a continuation of these previous works.
Let us consider a system of two Dirac neutrinos with non-vanishing masses and magnetic moments. In general, both
the mass matrix and the matrix of magnetic moments are non-diagonal in the flavor basis of neutrino wave functions.
When the mass part of the Hamiltonian is diagonalized by a unitary transformation and the original flavor basis is
replaced by a new set of wave functions in the mass eigenstate basis, the matrix of magnetic moments is generally not
diagonal in the new basis. This means that there will be transition magnetic moments between the mass eigenstates.
We will discuss the situation where the resulting magnetic moment matrix is close to diagonal, i.e. the transition
magnetic moments are small compared with the diagonal magnetic moments in the mass eigenstate basis. When this
is the situation one can apply the formalism developed in Refs. [2].
Assuming ultra-relativistic initial neutrinos and a magnetic field transversal with respect to the neutrino momentum,
we will derive the leading (in transition magnetic moment) and the next-to-leading contributions to the transition
probability for the process like νLβ → ν
R
α (α, β denote two different flavors) in the flavor eigenstate basis.
Let us denote the magnetic moments of the two Dirac neutrinos να, νβ as Mℓℓ′ . The off-diagonal elements of
the matrix, (Mℓℓ′), are called transition magnetic moments. The Lagrangian of the neutrinos in the presence of an











Here, e.g., L0(νℓ) = ν¯ℓ(iγ
µ∂µ − mℓℓ)νℓ, mℓℓ and mβα (a vacuum mixing parameter) have dimension of mass, and
σµν = (i/2)[γµ, γν ].
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2To analyze the dynamics of the system one has to set the initial condition by giving the initial wave functions of
neutrinos νℓ and then analytically determine the field distributions at subsequent moments of time. The analogous
problem was studied in Refs. [2] for mixed neutrinos in vacuum and in Ref. [3] for neutrinos with mixing in an external
axial-vector field.
We assume an initial condition of the form
να(r, 0) = 0, νβ(r, 0) = ξ(r), (2)
where ξ(r) is a function to be specified. If we identify να as νe or ντ and νβ as νµ, for example, this initial condition
might correspond a situation where the source of neutrinos consists of pions and kaons decaying to muon neutrinos.
With the opposite identification it could describe a situation where the source produces electron neutrinos only.
In order to eliminate the vacuum mixing term in Eq. (1) we introduce a new basis of the wave functions, the mass





where the matrix (Uℓa) is parametrized in terms of a mixing angle θ in the usual manner
(Uℓa) =
(
cos θ − sin θ
sin θ cos θ
)
. (4)











where L0(ψa) = ψ¯a(iγ





is the magnetic moment matrix presented in the mass eigenstates basis. Using Eqs. (2)-(4) the initial conditions for
the fermions ψa become
ψ1(r, 0) = sin θξ(r), ψ2(r, 0) = cos θξ(r). (7)
Let us assume that the magnetic field is constant, uniform and directed along the z-axis, B = (0, 0, B), and that
the electric field vanishes, E = 0. In this case we write down the Dirac-Pauli equation for ψa, resulting from Eq. (5),
as follows:
iψ˙a = Haψa + V ψb, a, b = 1, 2, a 6= b, (8)
where Ha = (αp) + ρ3ma − µaρ3Σ3B is the Hamiltonian for the particle ψa accounting for the magnetic field,
V = −µρ3Σ3B describes the interaction of the transition magnetic moment with the external magnetic field, µa = µaa,




0 and Σ = γ0γ5γ. It is in order to notice that a wave equation for a neutrino with the anomalous magnetic
moment that differs from (8) was derived in Ref. [5].
Imposing the initial condition (7), we now solve Eq. (8) perturbatively. We assume that the characteristic energy of
the particle ψa is in the absence of the flavor changing magnetic interaction V ψb (i.e. the transition magnetic moment
µ = 0) much greater than |µB|. We present the solution of Eq. (8) in the expansion form
ψa(r, t) = ψ
(0)
a (r, t) + ψ
(1)
a (r, t) + . . . , (9)
where ψ
(0)
a (r, t) is the solution of Eq. (8) without the the last term V ψb, that is the eigenvalue of the Hamiltonian
Ha, and ψ
(1)
a (r, t) is a function linear in µB.
We first determine the function ψ
(0)



























a (ζ,p) and b
(0)
a (ζ,p) are arbitrary coefficients, and ζ = ±1 characterizes the direction of the particle spin
with respect to the magnetic field. We notice that the polarization operator
Πa = maΣ3 + ρ2[Σ× p]3 − µaB,
where ρ2 = iγ







satisfied. It follows that the basic spinors u
(ζ)










Analogous expression can be written for the spinor v
(ζ)
a . The particle energy as a function of the momentum and the













negative energies) has a nontrivial solution. We end up with the following expression for E
(ζ)














Following the common method used in derivating the solutions of the Dirac equation in vacuum, one obtains for





























































and tanϕ = p2/p1.
















as well as the method developed in Refs. [2], we find for the zeroth order term ψ
(0)
a (r, t) of the expansion (9) the
following expression:



























is the Fourier transform of the initial wave function (7).
Eqs. (10) and (11) together with Eqs. (3) and (7) [or Eq. (2)] allow one to describe the evolution of any system
of two Dirac fermions in an external magnetic field. These expressions directly follow from the Lorentz invariant
Dirac-Pauli equation (8), and they are valid for an arbitrary initial condition.
To proceed we now specify our initial condition, that is, give the function ξ(r). Following our previous studies [2],
we choose the initial condition for νβ as a plane wave ξ(r) = e
ikrξ0, with the initial momentum being directed along
the x-axis, i.e. k = (k, 0, 0). Given that we have chosen the magnetic field as B = (0, 0, B), we are thus studying
the evotution of neutrino wavefunction in a transverse magnetic field. We also consider neutrinos as ultrarelativistic
particles, i.e. k ≫ m1,2, implying ξ
T
0 = (1/2)(1,−1,−1, 1). It is easy to see that ξ0 obeys the condition (1/2)(1 −
4Σ1)ξ0 = ξ0 and that it is normalized to one. Hence, the spinor ξ(r) describes an ultrarelativistic particle propagating
along the x-axis with its spin directed opposite to the x-axis, i.e. a left-handedly polarized neutrino.
In contrast to the mixing due to a mass matrix, which is always present, the transition due to a magnetic moment
only occurs in the presence of magnetic field. We assume that B 6= 0 if 0 ≤ t ≤ t0 and B = 0 if t < 0 and t > t0. The
particle emission and detection are assumed to take place, while the magnetic field is switched off, at te = 0− δt and
td = t0 + δt respectively, where δt is some small period of time. Hence, the operator Σ1 describes the polarization
states of initial and final particles and one can assume that the system is initially prepared to a state described in
terms of the spinor ξ0 as we have done above. Of course, the wave function must be continuous in the borderlines of
the B = 0 and B 6= 0 regions.
Now it is possible to find the field distribution of the particle να initially absent. With help of Eqs. (3), (4),
(10) and (11), and by taking into account the initial condition we have chosen, we get for the wavefunction of the
right-polarized state of να the following expression:




















2 and κT0 = (1/2)(1, 1, 1, 1). Here we have neglected the terms proportional to ma/k≪ 1.
The measurable quantity is the square of the wave function ν
(0)R
α (x, t), which can be regarded as the transition
probability for the process νLβ → ν
R


















where δm2 = m21 −m
2
2, δµ = (µ1 − µ2)/2 and µ¯ = (µ1 + µ2)/2.
In the case of neutrinos having equal magnetic moments, µ1 = µ2 = µ0, this leads to the result one would expect.
Then Eq. (13) can be rewritten as, P = PFPS , where PF = sin
2(2θ) sin2[δm2t/4k] is the usual transition probability
of flavor oscillations and PS = sin
2(µ0Bt) is the probability of transitions between different polarization states within
each mass eigenstate. That is, as magnetic moment interactions are in this case insensitive to flavor, the transitions
between flavors are solely due to the mass mixing.
Let us now consider the first order correction ψ
(1)
a (r, t) to the function ν
(0)
α [see Eq. (9)]. Using the same method
as in Ref. [3] one obtains

































dt exp (−iE(ζ)a t)Sb(p, t). (15)
In Eqs. (14) and (15) a 6= b.
With help of Eqs. (3), (4), (14) and (15) we obtain the following first-order correction to ν
(0)
α :



























5It can be seen from Eqs. (16) and (17) that the additional constraint should be fulfilled for the perturbative approach




It should be noticed that Eq. (16) is obtained in the ultrarelativistic limit where small terms ma/k≪ 1 are neglected.































Summarizing, the transition probability of spin-flavor oscillations between mass eigenstate neutrinos up to effects
linear in the transition magnetic moment are given as a sum of the probabilities given in Eqs. (13) and (19).
Let us discuss the applicability of our formalism to one of the possible channels of neutrino oscillations, νLµ
B
−→ νRτ .
According to the recent experimental data (see, e.g., Ref. [7]) the mixing angle between νµ and ντ is close to its
maximal value of π/4. In the limit of maximal mixing the magnetic moment matrix given in Eq. (6) takes the form
(µab) ≈
(
(Mττ +Mµµ)/2 +Mτµ −(Mττ −Mµµ)/2
−(Mττ −Mµµ)/2 (Mττ +Mµµ)/2−Mτµ
)
. (20)
Our approach is valid in the case this matrix is close to diagonal, i.e. when |(Mττ−Mµµ)/2| ≪ |(Mττ+Mµµ)/2±Mτµ|.
As is well known, diagonal magnetic moments Mℓℓ are in general very small in the extensions of the Standard Model
Mℓℓ ∼ 10
−19(mℓℓ/eV)µB (see, e.g., Refs. [8]) while the transition ones, Mτµ in our case, can be much bigger (see,
e.g., Refs. [9]), close to the experimental upper limit of 10−10µB [10]. One can see that for any conceivable values of
the masses of the known neutrinos, Mµµ and Mττ are orders of magnitude smaller than 10
−10µB, so that a situation
where our results are applicable is quite possible.
If the matrix (20) is not close to diagonal, that is, its diagonal elements are much smaller than the non-diagonal
ones, the standard quantum mechanical transition probability formula for neutrino spin-flavor oscillations, similar
to that derived from the Schro¨dinger equation in Refs. [1], is to be used for the description of the mass eigenstates
evolution. The intermediate case, when the diagonal elements are comparable with the non-diagonal ones, requires
separate special attention.
Let us consider the situation (E1 −E2)/2 ≈ (δm
2)/(4k) ∼ |δµB|. In this case the condition (18) is violated and our
results are therefore inapplicable. This is an interesting situation of its own as it may allow for resonant spin-flavor
oscillations and enhanced transition probability. This kind of situation could be realized, e.g., in a vicinity of a
neutron star where there is a magnetic field of the order B ∼ 10MG, providing that δm2 ∼ 10−5 eV2, k ∼ 10MeV,
and δµ ∼ 10−10µB.
In summary, we have studied in the framework of relativistic quantum mechanics the evolution of a system of two
Dirac neutrinos that mix with each other and have non-vanishing magnetic moments. By solving the Dirac-Pauli
equation with a given initial condition we determined the time evolution of this system in an external magnetic field.
We applied the recently developed approach for the description of the first quantized mixed particles. We obtained
the general expressions for the fermion fields distributions exactly accounting for an external magnetic field in the
leading and the next-to-leading orders in the transition magnetic moment in the mass eigenstates basis. The derived
neutrino wave functions are valid for arbitrary initial conditions since we started with the Lorentz invariant neutrino
wave equations. For instance, with help of Eqs. (10) and (14) one can describe the propagation of non-relativistic
particles in an external magnetic field. When we considered spin-flavor oscillations of ultrarelativistic neutrinos in
a constant transversal magnetic field, we derived the new analytical expression for the transition probability for the
spin-flavor conversion in the limit where the energy associated with the magnetic interaction arising from transition
magnetic moment is small compared with the total neutrino energy. Then we show that the situation discussed in
the present paper is not disfavored by the modern experimental data. Although we consider neutrinos, our formalism
is straightforwardly applicable to any spin-1/2 particles.
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